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Abstract 
Tessellation is an arrangement of closed shapes that completely cover the plane without overlapping or leaving gaps. Escher’s 
tessellation artworks are creative figures in the 2D plane. Tiling is a very common way in general architecture. Tilings appear in 
all our surroundings, i.e., floor tiles, walls, ceilings, separators and even surfaces of equipment. An aplication of tessellation in 
interior designing is accepted as a decorative work. For example, floor tiles could exactly be an Escher’s tessellation artwork as 
in John August’s Gecko Stone. The overall objective of the study is to emphasize how the use of interior design and different 
scientific disciplines could get a wealth to a place, how the situation activate the psychological perceptions and importance 
according to compliance with human-object-surrounding. In the present study we will try to extend Escher’s tessellation artworks 
into 3D for interior designing. Various different textures will be gained to tessellate figures by mathematical transformations 
including translation, rotation, reflection and glide reflection on a surface. 
  
1. Introduction 
The original word tessellation comes from its use in art. It comes from ancient Greek word tesseres, which 
means four, in the reference to the squares used in the first tessellations. Tessellations were discovered and used in 
art thousands of years ago by many different ancient cultures long before they were studied in mathematics. 
Geometric mosaics have been found in decorative designs of the Sumerians, who lived around 4000 BC. Some of 
the most extensive tessellation works are found in Islamic designs. These designs display an amazing variety of 
geometrical patterns because, according to Islamic religion, the representation of people, animals or any real life 
objects in art is forbidden.  
One of the greatest practitioners of the use of tessellations in art was Dutch graphic artist M.C. Escher. Although 
he is more famous for his drawings of the impossible, he also worked extensively on tessellations 
(http://www.tessella.com/about-us/what-are-tessellations/). Tessellations are seen throughout art history, from 
ancient architecture to modern art. Tessellation, a mathematical design based on a geometric shape, is the process of 
creating a two-dimensional plane using the repetition of a geometric shape with no overlaps and no gaps 
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(http://en.wikipedia.org/wiki/Tesselation). When you fit individual tiles together with no gaps or overlaps to fill a 
flat space like a ceiling, wall or floor, you have a tiling. A tessellation can be created with an equilateral triangle, a 
square, or a regular hexagon. These are regular and congruent polygons i.e. all of sides of each polygon are the same 
in length and all polygons within the plane are the same in shape and size. Any given pattern in a tessellation can be 
continued infinitely in every direction. Tessellation can also be described by the words “tiling” or “mosaic”. 
Tessellations have fascinated mathematicians and artists for many years because tessellation designs combine math 
with art and reveal the incredible beauty of geometry. Originality of tessellations does not have any limits. 
Imagination and a little bit of mathematical knowledge are all that one needs to begin creating tessellations. For 
shapes to fill the plane without overlaps or gaps, their angles, when arranged around a point, must have measures 
that add up to exactly͵͸Ͳι. Typically, the shapes making up a tessellation are polygons or similar regular shapes 
(like square tiles used on floors). Escher exploited these basic patterns in his tessellations, applying reflections, 
translations, and rotations to obtain a greater variety of patterns. The pattern is created by simply adding an 
additional shape to one side of the original shape and then adding this same shape to the inside of the original shape. 
A regular polygon has ͵ or Ͷ or ͷ or more sides and angles, all equal. A regular tessellation is a highly symmetric 
tessellation made up of congruent regular polygons. Only a few shapes can tessellate correctly. These are equilateral 
triangles, squares, and regular hexagons [Figure 1]. So there can only be three regular tessellations on the Euclidean 
plane which are made from copies of a single regular polygon meeting at each vertex. There are only three, because 
the inside angles of the polygon must be a factor of ͵͸Ͳιso that the polygons can line up at the points leaving no 
gaps.  
 
   
 
Figure 1. Regular tessellations   
 
When drawing tessellating patterns, symmetry is the mathematical idea that can be used. Symmetry is the 
preservation of form and configuration across a point, a line, or a plane. Symmetry of an object in the plane is a rigid 
motion of the plane that leaves the object apparently unchanged. Therefore, symmetry is the ability to take a shape 
and match it exactly to another shape. The techniques that are used are called transformations and include 
translations, reflections, rotations, and glide reflections. There are several different types of symmetry, but in each 
type of symmetry, characteristics such as angles, side lengths, distances, shapes, and sizes are maintained. Each of 
the transformations mentioned above produce a different type of symmetry [Figure 2] 
(http://library.thinkquest.org/16661/background/symmetry.1.html).To rotate an object means to turn it around. 
Every rotation has a centre and an angle. To translate an object means to move it without rotating or reflecting it. 
Every translation has a direction and a distance. To reflect an object means to produce its mirror image. Every 
reflection has a mirror line. A glide reflection combines with a translation along the direction of the mirror line. 
Glide reflections are the only type of symmetry that involves more than one step. 
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Figure 2. Four types of symmetries (rotation, translation, reflection, and glide reflection, respectively)  
2. An example of translational tessellation with computer 
In this section we use Microsoft Paint̹ computer program to create Escher tessellations which involves using 
simple type of symmetry like translations shown in the Figure 3 below. You can use other types of symmetries to 
create other beautiful tessellations like reflectional, rotational and glide-reflectional shown in the Figure 4 
respectively. 
 
   
1)Select a rectangle tool and 
hold the shift key to draw a 
square in Paint  
2)Select a line tool and draw 
any design on up and left  sides 
of the square 
3) Click a select tool and choose 
rectangular selection with 
transparent selection 
   
4)Select up side of the square 
with this rectangular selection 
then copy and paste it 
5)Take this part and move it 
then bring it down to the 
bottom  
6)Repeatprocess like step 3)and 
4),for the left side of the square  
   
7)Take this left side piece and 
move it then bring it right side 
of the square 
8)Select eraser tool and then 
clear all unnecessary parts of 
all shape with zooming it 
9)Click a select tool with 
rectangular selection and select 
the entire tessellating shape 
   
10)Move this shape to the 
corner of the canvas and make 
sure there is no gap with 
corners and select this shape 
11)Populate the copies  with 
moving them both horizontally 
and vertically direction to entire 
worksheet without any gaps or 
12)Select two different colours 
and then paint these shapes 
with selecting a paint bucket 
tool from menu and finally get a 
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then copy and paste it overlaps translational tessellation  
   
Figure 3. An example of translationaltessellation with Paint© 
   
 
Figure 4. Other types of tessellations with symmetries 
3. Escher tessellations 
Maurits Cornelis Escher (June 17 1898 – March 27 1972), usually referred to as M.C. Escher, was a Dutch 
graphic artist known for his often mathematically inspired woodcuts, lithographs and mezzotints which feature 
impossible constructions, explorations of infinity, architecture, and tessellations. Over his life, Escher created over a 
hundred ingenious tessellations in the plane. Some were simple and geometric, used as prototypes for more complex 
endeavours. But in most the tiles were recognizable animal forms such as birds, fish and reptiles. Creating 
tessellations of the plane by recognizable figures was Escher's first ground-breaking artistic technique. He called it 
the regular subdivision of the plane (http://en.wikipedia.org/wiki/M._C._Escher). Escher's works feature complex 
and whimsical figures, mostly animals, which magically interlock to cover the printed page. Creating these 
mathematically constrained outlines is no easy process, and Escher was unquestionably the master. His technique 
was to start with a simple tessellation by geometric shapes, and then evolve it into a recognizable figure. All 
tessellations must be based on a shape such as equilateral triangle, square and regular hexagons, i.e. the interior 
angles of polygons that can tessellate the plane add up to 360 degrees. M.C. Escher used these three basic shapes for 
many of his patterns, combining them by translations, rotations, reflections and glide reflections, permitting different 
variations. He also elaborated these patterns by "distorting" the basic shapes to render them into animals, birds, and 
other figures (http://www.mathacademy.com/pr/minitext/escher/). The effect can be both startling and beautiful. In 
the Figure 5 below there is rotational and translational tessellation based on a square and a regular hexagon 
respectively. We see that the sum of the interior angles that meet at a common point is equal 360 degrees.  
 
  
 
Figure 5. Tessellations with rotational and translational symmetries by figures [http://juliannakunstler.com/art1_tessellations.html] 
 
Escher also created a number of dihedral tilings, i.e. designs featuring two different shapes. He was fond of these 
designs, since with more than one shape it was possible to tell a story, to have the shapes complement each other 
૚૛૙ι ૚૛૙ι 
૚૛૙ι 
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somehow. Escher was a graphic artist, who specialized in woodcuts and lithographsand heis best known for hi
repeating Euclidean patterns of interlocking motifs with different figures.  
 
  
 
Figure 6. Escher’s interlocking motifs 
In Figure 6, artwork in the left is New Year’s greeting card and artwork in the right is plane-filling motif with
linoleum cut produced by M.C. Escher in1949 and 1951, respectively. Not only was this Escher's process fo
creating tessellations, but also the theme of many of his artworks. Escher wants his audience to see and understand
the process behind the patterns, and often presents prints with story like transitions from geometric to recognizable
tessellations (http://math.slu.edu/escher/index.php/Introduction_to_Tessellations). 
4. Regular tessellations of the Euclidean plane 
A plane tessellation is an infinite set of polygons (single tiles) fitting together to cover the whole plane just once
so that every side of the polygon belongs also to another polygon. A tessellation is called regular if its faces are
regular and equal. The same number of polygons meets at each vertex. No two of the polygons have common
interior points. A regular tiling of the plane is created by using congruent copies of a regular polygon with ݌-sides to
create the tiling. We denote with ሼ݌ǡ ݍሽ a regular tessellation that consists of regular polygons, where ݌ is th
number of sides and ݍ is the number of vertices meeting at a point.  
The sum of the interior angles of a polygon with ݌-sides is described by the formulaͳͺͲιሺ݌ െ ʹሻ. Since we have
݌ congruent angles, from this formula it follows that each interior angle measures݉ ؔ ሾͳͺͲιሺ݌ െ ʹሻሿ ݌Τ . Hence
each exterior angle of the regular polygon, that meeting at a common point, measures݊ ؔ ͵͸Ͳι െ ݍ ൈ݉. For an
equilateral triangle, since ݌ ൌ ͵ then ݉ ൌ ͸Ͳι and so that the collection of six equilateral triangles can tessellate the
plane with sum of six angles as͸Ͳι ൅ ͸Ͳι ൅ ͸Ͳι ൅ ͸Ͳι ൅ ͸Ͳι ൅ ͸Ͳι ൌ ͵͸Ͳι and݊ ൌ ͵͸Ͳι െ ͸ ൈ ͸Ͳ ൌ Ͳι. For a
square, since ݌ ൌ Ͷ then ݉ ൌ ͻͲι and so that the collection of four squares can tessellate the plane with sum of fou
angles asͻͲι ൅ ͻͲι ൅ ͻͲι ൅ ͻͲι ൌ ͵͸Ͳιand݊ ൌ ͵͸Ͳι െ Ͷ ൈ ͻͲι ൌ Ͳι. Similarly, for a regular hexagon since
݌ ൌ ͸ then ݉ ൌ ͳʹͲι and so that the collection of three regular hexagons can tessellate the plane with sum of three
angles asͳʹͲι ൅ ͳʹͲι ൅ ͳʹͲι ൌ ͵͸Ͳιand ݊ ൌ ͵͸Ͳι െ ͵ ൈ ͳʹͲι ൌ Ͳι[Figure 5], [Figure 7]. On the other hand
since ݌ ൌ ͷfrom the formula݉ ൌ ሾͳͺͲιሺ݌ െ ʹሻሿ ݌Τ , the measure of the interior angles of a regular pentagon
isͳͲͺι.  If we try to tile the plane, we can see that the measure of the three angles meeting at a common point add up
to͵ʹͶι.  Now, we can see that since݊ ൌ ͵͸Ͳι െ ͵ ൈ ͳͲͺι, this leaves an “exterior angle” of ͵͸ι angle as if we
joining three pentagons with no gaps and overlaps. So, regular pentagons do not tessellate the plane [Figure 7]. In
fact, all polygons with more than six sides will overlap (http://mathandmultimedia.com/2011/06/04/regular
tessellations).  
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Now we show algebraically that there are only three types of regular polygons that can tessellate the plane. If we 
take ߨ radian for ͳͺͲι,since ݌is the number of sides of a polygon and ݍ is the number of polygon meeting at a single 
vertex, it is clear that the measure of an angle in a polygon can be given as two types of equations that are గሺ௣ିଶሻ
௣
 and 
ଶగ
௤
. So, these two equations are equal to each other and hence, asగሺ௣ିଶሻ
௣
ൌ ଶగ
௤
,we get݌ݍ െ ʹݍ ൌ ʹ݌. If we add Ͷ to 
both sides of this equality giving us݌ݍ െ ʹݍ ൅ Ͷ ൌ ʹ݌ ൅ Ͷ, which means thatሺ݌ െ ʹሻሺݍ െ ʹሻ ൌ Ͷ. So, the only 
possible values of ሼ݌ǡ ݍሽ to factor ሺ݌ െ ʹሻሺݍ െ ʹሻ ൌ Ͷ are ሼͶǡͶሽǢ ሼ͸ǡ͵ሽ and ሼ͵ǡ͸ሽ which are a square, a regular 
hexagon and an equilateral triangle, respectively. So it is clear that these are the tessellations only possible, and that 
is what we want to prove. 
 
    
 
Figure 7. The tessellation of the regular polygons 
 
Now we can see that tessellation of the regular polygons depend onሼ݌ǡ ݍሽ, and we can give the properties of 
polygons that can tessellate the plane or not, in Table 1 below.  
 
Table 1. Tessellation of regular polygons 
 
Regular Polygons p q ࢓ ؔ ሾ૚ૡ૙ιሺ࢖ െ ૛ሻሿ ࢖Τ  ࢔ ؔ ૜૟૙ι െ ࢗ ൈ࢓ Tessellates? 
Triangle 3 6 ૟૙ι ૙ι Yes 
Square 4 4 ૢ૙ι ૙ι Yes 
Pentagon 5 3 ͳͲͺι ͵͸ι No 
Hexagon 6 3 ૚૛૙ι ૙ι Yes 
Heptagon 7 2 ͳʹͺǡͷ͹ι ͳͲʹǡͺ͸ι No 
Octagon 8 2 ͳ͵ͷι ͻͲι No 
Nonagon 9 2 ͳͶͲι ͺͲι No 
Octagon 10 2 ͳͶͶι ͹ʹι No 
5. An application of irregular tessellation in interior designing  
Human being looks to the world from the frame which is generated by him; he separates inside from outside, 
darkness from illumination and cold from hot.  In this way, he creates a privilege for himself. In relationship with 
the environment, human who evaluates primarily visual stimuli from the environment tries to recognize position 
location, boundaries and other properties; and as a result of the evaluations he senses objects and space in which he 
lives by a variety of physical items. In addition to other items in space design, another important subject providing 
sensing of the space is surface concept. An environment including human life, the experience and perception 
constitutes the core of human existence, space-form, structure and architecture as a reflection of human value. 
Surface in architecture is an item which is based on concepts of mass, space and form; indicates direction and 
border; have color, texture and light assist [Figure 8]. 
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Figure 8. Examples of different surfaces 
Mankind has realized actions on place, perceived on place and exists on the same place throughout the ages. A 
person has to understand spatial relationships in order to reflect the objectives outside, and to integrate these 
relationships in a spatial concept. Architectural space is not defined only with three dimensions. Human creates 
fourth dimension for himself while he moves in a building and gives all reality to the entire space. This spatial 
experiment is specific for architecture. Joedicke defines architectural space as a person is able to live with his 
experiences and mentions that a person is not able to sense the space if a boundary does not exist. Surfaces are the 
most important items that provide a boundary on walls, ceilings or separators. In the other word; a surface is always 
important structural unit which has language in the space, talks, and is sometimes protector and mysterious. 
Each surface has a language which occurs among users and also is transmitted by designer, a lifestyle or 
philosophy. A surface constitutes a language firstly and then a form is occurred to the language with material. A 
surface is not only a building structure done with stone or bricks.  A space can be limited and designed by virtual, 
line and light surfaces. A surface presents its function, direction or spiritual effect when entering its domain. This 
effect directs human actions as a result of perception. A surface is not only router, but also restrictive. When we turn 
our eyes to the depths of history, we see that a person made the first patterns on the surface of the cave. The 
following years, floors, walls and ceilings are seen to be decorated by mosaic, fresco, miniature and relief. A surface 
has been became language of art on the space. 
Surely that mathematics relates to the architecture as well as about art. The main theme of architecture is based 
on the principle of mathematics. The best examples of this, Selimiye Mosque of Sinan, the most famous architect of 
the Ottoman Empire, and the Egyptian pyramids, one of the wonders of the world. The use of mathematic is also 
inevitable and reliable in interior design. Spaces contributions to spatial surfaces cannot be by chance; therefore they 
must be based on some calculations. Escher’s tessellations have been the starting point for us for intersection of 
architecture and mathematics. Escher’s tessellations that created by fully geometric angles may lead a way to create 
different surfaces and ensure the integrity of perception for us. Examples of tessellations made by a technique of 
painting and relief are applicable to all types of interior surfaces. These tessellation types give the mobility to the 
space; some examples carried out by us were shown in Figure 9. 
 
  
 
Figure 9. Examples of tessellations made by a technique of painting and relief 
256   Kubra O. Deger and Ali H. Deger /  Procedia - Social and Behavioral Sciences  51 ( 2012 )  249 – 256 
References 
Hofstadter, D. R. (2003). Mystery, classicism, elegance: an endless chase after magic. M.C. Escher's Legacy: A Centennial Celebration, 24-51.  
Kaplan, C. S., & Salesin, D. H. (2000). Escherization. Siggraph 2000 Conference Proceedings, 499-510. 
Schattschneider, D. (1992). The Fascination of Tiling. Leonardo, 25(3-4), 341-348. 
Goodwin, R. (1993). Visions of Symmetry - Notebooks, Periodic Drawings and Related Work of Escher,M.C. - Schattschneider,D. British 
Journal of Aesthetics, 33(2), 191-192. 
Joedicke, J. (1968). Worbemerkungen zu einer Theorie des Architektonischen, Zugleich Versucheiner standen bestimmung der Architectur. 
Btwhonen. 
Lynch, K. (1966).  Site Planning. Cambridge, Massachusetts: M.I.T., Press. 
Schulz, C. N. (1971). Existence, Space & Architecture. Praeger. 
